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Equations involving logarithms arise in a variety of contexts.  Most of the time, these equations are solved by 
isolating the logarithm and then writing an equivalent exponential equation. 
 

Exercise #1:  Solve each of the following logarithmic equations by first isolating the logarithm (if necessary) 
and then writing an equivalent exponential equation. 
 

(a) 6log 2x =  (b) ( )2log 5 3x + =  (c) ( )53log 4 1 2 4x + − =  

 
 
 
 
 
 
 
Since each of the above equations has only a single logarithm, it was relatively easy to isolate this logarithm and 
then write its equivalent exponential equation.  When two or more logarithms are involved it is necessary to 
first combine these logarithms using the logarithm laws from the previous lesson. 
 

Exercise #2:  Solve each of the following equations for all value(s) of x by first combing logarithms. 
 

(a) ( ) ( )2 2log 3 23 log 1 3x x+ − + =  (b) ( )log log 3 1x x+ − =  

 
 
 
 
 
 
 
 
 
Exercise #3:  Algebraically determine the intersection point of the two logarithmic functions shown below. 
 

( ) ( )3 3log 25 3  and  log 1 5y x y x= + + = + +  
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Using techniques like the above, we can now find inverses for more complicated logarithmic functions. 
 

Exercise #4:  Find the inverse functions for each of the following. 
 

(a) ( )5log 6 2y x= + −   (b) ( )log 2 1 5y x= − +  

 
 
 
 
 
 
 
Exercise #5:  Algebraically determine the x-intercept of the function ( )2log 7 4y x= − − . 

 
 
 
 
 
 
There are also instances when equations involve only logarithms.  In these cases, the solution method is similar 
to before, but there is no need to write an equivalent exponential expression. 
 

Exercise #6:  Solve the following for the value of x. 
 

(a) 2 2 2log log 9 log 45x + =   (b) ( )log 2 1 log 3 log 5x + − =  

 
 
 
 
 
 
 
 
Exercise #7:  Solve the equation below for all value(s) of x.  Be sure to check your answers. 
 

4 4 42 log log 2 log 18x − =  
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1. Solve each of the following equations involving logarithms.  Express your answers in simplest form. 
 

 (a) 5log 3x =  (b) 2log 1x = −  (c) 9
1log 2x =  

 
 
 
 
 (d) ( )4log 10 3x + =  (e) ( )2log 3 1 5x − =  (f) ( )5log 4 3 2x + =  

 
 
 
 
 
 

 (g) 35log 2 8x − =  (h) ( )2
1 log 8 3
2

x + =  (i) ( )83log 6 5 6x + + =  

 
 
 
 
 
 
 
 
2. Which of the following values of x is the solution to ( )54 log 8 5 12x + = ? 
 

 (1) 25 (3) 7 
 
 (2) 165 (4) 15 
 
 
3. Which of the following represents the x-intercept of ( )2log 5 2y x= + − ? 
 

 (1) 1 (3) 1−  
 
 (2) 2−  (4) 8 
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4. Solve each of the following equations for the value of x. 
 

 (a) ( )3 3log 5 20 log 2x x+ − =  (b) ( ) ( )2 2log 3 log 9 2x x− − + = −  

 
 
 
 
 
 
 
5. Solve the following equations for all value(s) of x. 
 

( ) ( )4 4log 7 log 5 3x x− + + =  

 
 
 
 
 
6. Given the function ( )23log 8 12y x= + − , algebraically determine both the x and y intercepts.  Show work 

to justify your answers. 
 
 
 
 
 
 
7. Find the inverse function for each of the following: 
 

 (a) ( )5log 8 2y x= + −  (b) ( )32 log 1y x= −  

 
 
 
 
 
 
8. Solve the equation ( )log 3 1 log 2 log11x + − =  for the value of x. 
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Earlier in this unit, we used the Method of Common Bases to solve exponential equations.  This technique is 
quite limited, however, because it requires the two sides of the equation to be expressed using the same base.  A 
more general method utilizes our calculators and the third logarithm law: 
 
 
 
 
 

Exercise #1:  Solve:  4 8x =  using (a) common bases and (b) the logarithm law shown above. 
 

(a) Method of Common Bases (b) Logarithm Approach 
 
 
 
 
 
The beauty of this logarithm law is that it removes the variable from the exponent.  This law, in combination 
with the logarithm base 10, the common log, allows us to solve almost any exponential equation. 
 
Exercise #2:  Solve each of the following equations for the value of x.  Round your answers to the nearest 
hundredth. 
 

(a) 5 18x =  (b) 4 100x =  (c) 2 1560x =  
 
 
 
 
 
These equations can become more complicated, but each and every time we will use the logarithm law to 
transform an exponential equation into one that is more familiar (linear, quadratic, etc). 
 
Exercise #3:  Solve each of the following equations for x.  Round your answers to the nearest hundredth. 
 

(a) 36 50x+ =  (b) ( ) 5
21.03 2
x
− =  

  

TTHHEE  TTHHIIRRDD  LLOOGGAARRIITTHHMM  LLAAWW  
 

( )log logx
b ba x a=  
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Now that we are familiar with this method, we can revisit some of our exponential models from earlier in the 
unit.  Recall that for an exponential function that is growing: 
 
 
 
 
 
 
 

Exercise #4:  A biologist is modeling the population of bats on a tropical island.  When he first starts observing 
them, there are 104 bats.  The biologist believes that the bat population is growing at a rate of 3% per year. 
 
 
 
 
 
 
 
 
 

 
Exercise #5:  A stock has been declining in price at a steady pace of 5% per week.  If the stock started at a price 
of $22.50 per share, determine algebraically the number of weeks it will take for the price to reach $10.00.  
Round your answer to the nearest week. 
 
 
 
 
 
 
 
As a final discussion, we return to evaluating logarithms using our calculator.  Since the calculator has only the 
base 10 logarithm (and one other to be named later), it is limited in evaluating logs. 
 

Exercise #6:  Consider the expression 5log 70 . 
 
 
 
 
 
 
 

 

If quantity Q is known to increase by a fixed percentage p, in decimal form, then Q can be modeled by 
 

( ) ( )0 1 tQ t Q p= +  
 

where 0Q  represents the amount of Q present at 0t =  and t represents time. 

(a) Write an equation for the number of bats, ( )B t , 

as a function of the number of years, t, since the 
biologist started observing them. 

(b) Using your equation from part (a), algebraically 
determine the number of years it will take for 
the bat population to reach 200.  Round your 
answer to the nearest year. 

(a) Write an equivalent exponential equation for the 
equation 5log 70 x= . 

(b) Solve this equation for x, thus evaluating 

5log 70 .  Round your answer to the nearest 
hundredth. 
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1. Which of the following values, to the nearest hundredth, solves:  7 500x = ? 
 

 (1) 3.19 (3) 2.74 
 

 (2) 3.83 (4) 2.17 
 
 

2. The solution to 32 52
x
= , to the nearest tenth, is which of the following? 

 

 (1) 7.3 (3) 11.4 
 

 (2) 9.1 (4) 17.1 
 
 
3. To the nearest hundredth, the value of x that solves 45 275x− =  is 
 

 (1) 6.73 (3) 8.17 
 

 (2) 5.74 (4) 7.49 
 
 

4. Solve each of the following exponential equations.  Round each of your answers to the nearest hundredth. 
 

 (a) 39 250x− =  (b) ( )50 2 1000x =  (c) 105 35
x

=  

 
 
 
 
 
5. Solve each of the following exponential equations.  Be careful with your use of parentheses.  Express each 

answer to the nearest hundredth. 
 

 (a) 2 56 300x− =  (b) ( ) 1
31 1

2 6

x
+
=  (c) ( )12500 1.02 2300

x

=  
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6. Solve each of the following trigonometric equations for all values of x on the interval 0 360x° °≤ ≤ .  Round 
all answers to the nearest tenth of a degree. 

 

 (a) cos3 2x =   (b) sin 15 4
x =  

 
 
 
 
 
 
 
AAPPPPLLIICCAATTIIOONNSS  
 

7. The population of Charleston is growing at a rate of 3.5% per year.  If its current population is 12,500, in 
how many years will the population exceed 20,000?  Round your answer to the nearest year.  Only an 
algebraic solution is acceptable. 

 
 
 
 
 
 
8. A radioactive substance is decaying such that 2% of its mass is lost every year.  Originally there were 50 

kilograms of the substance present. 

 
 
 
 
 
RREEAASSOONNIINNGG  
 
9. By following a similar procedure as in Exercise #6, find a express logby x=  equivalently in terms of log b  

and log x .  This is known as the Change of Base Formula.   

(a) Write an equation for the amount, A, of the 
substance left after t-years. 

(b) Find the amount of time that it takes for only 
half of the initial amount to remain.  Round 
your answer to the nearest tenth of a year. 
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There are many numbers in mathematics that are more important than others because they find so many uses in 

either mathematics or science.  Good examples of important numbers are 0, 1, i, and  .  In this lesson you will 

be introduced to an important number given the letter e for its “inventor” Leonhard Euler (1707-1783).  This 

number plays a crucial role in Calculus and more generally in modeling exponential phenomena. 

 

 

 

 

 

Exercise #1:  Which of the graphs below shows xy e ?  Explain your choice.  Check on your calculator. 

 

(1)   (2) (3) (4) 

 

 

 

 

 

 

 

 

 Explanation: 

 

Very often e is involved in exponential modeling of both increasing and decreasing quantities.  The creation of 

these models is beyond the scope of this course, but we can still work with them. 

 

Exercise #2:  A population of llamas on a tropical island can be modeled by the equation 
0.035500 tP e , where t 

represents the number of years since the llamas were first introduced to the island. 

 

 

 

 

 

 

 

 

 

 

 

  

TTHHEE  NNUUMMBBEERR  ee  
 

1. Like  , e is irrational. 2.  e 2.72  3. Used in Exponential Modeling 

y 

x 

y 

x 

(a) How many llamas were initially introduced at 

0t  .  Show the calculation that leads to your 

answer. 

(b) Algebraically determine the number of years for 

the population to reach 600.  Round your 

answer to the nearest tenth of a year. 

y 

x 

y 

x 



AALLGGEEBBRRAA  22  WWIITTHH  TTRRIIGGOONNOOMMEETTRRYY,,  UUNNIITT  ##1100  ––  EEXXPPOONNEENNTTIIAALL  AANNDD  LLOOGGAARRIITTHHMMIICC  FFUUNNCCTTIIOONNSS  ––  LLEESSSSOONN  ##1100  

eeMMAATTHHIINNSSTTRRUUCCTTIIOONN,,  RREEDD  HHOOOOKK,,  NNYY  1122557711,,  ©©  22000099  

Because of the importance of xy e , its inverse, known as the natural logarithm, is also important. 

 

 

 

 

 

The natural logarithm, like all logarithms, gives an exponent as its output.  In fact, it gives the power that we 

must raise e to in order to get the input. 

 

Exercise #3:  Without the use of your calculator, determine the values of each of the following. 
 

(a)  ln e  (b)  ln 1  (c)  5ln e  (d) ln e  

 

 

 

The natural logarithm follows the three basic logarithm laws that all logarithms follow.  The following 

problems give additional practice with these laws. 

 

Exercise #4:  Which of the following is equivalent to 
3

2
ln

x

e

 
 
 

? 

 

 (1) ln 6x  (3) 3ln 6x  
 

 (2) 3ln 2x  (4) ln 9x  

 

Exercise #5:  Solve the following equation.  Express your answer in exact terms of e. 
 

 2ln 3 5 3x    

 

 

 

 

 

Exercise #6:  Find the equation of the inverse of the function  ln 8 2y x   . 

 

 

 

 

TTHHEE  NNAATTUURRAALL  LLOOGGAARRIITTHHMM  
 

The inverse of xy e :        ln    logey x y x   
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1. Which of the following is closest to the y-intercept of the function whose equation is 110 xy e  ? 
 

 (1) 10 (3) 27 
 

 (2) 18 (4) 52 

 

2. On the grid below, the solid curve represents xy e .  Which of the following exponential functions could 

describe the dashed curve? 
 

 (1)  1
2

x

y   (3) 2xy   

 

 (2) xy e  (4) 4xy   

 

3. The logarithmic expression 
3

ln
e

y

 
  
 

 can be rewritten as 

 

 (1) 3ln 2y   (3) 
ln 6

2

y 
 

 

 (2) 
1 6ln

2

y
 (4) ln 3y   

 

4. Which of the following values of x solves the equation 3ln 1x  ? 
 

 (1) 3 e  (3) 
3e  

 

 (2) 
1

3
e  (4) 3e  

 

5. The inverse of  ln 5y x   is 

 

 (1) 5xy e   (3)  ln 5y x    

 

 (2) 
 

1

ln 5
y

x



 (4) 5xy e   

 

  

y 

x 
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6. Solve each of the following logarithmic equations for the value of x.  Express your answers in terms of e. 
 

 (a) 2ln 1 15x   (b)  5ln 2 2 17x    (c) 
2 1

ln 3 11
3 2

x
 

  
 

 

 

 

 

 

 

 

 

7. Find the equation of the inverse for each of the following logarithmic functions shown below. 
 

 (a)  ln 6 3y x    (b) 
1

ln 1
3

y x
 

  
 

 

 

 

 

 

 

 

 

 

AAPPPPLLIICCAATTIIOONNSS  

 

8. Flu is spreading exponentially at a school.  The number of new flu patients can be modeled using the 

equation 
.1210 dF e , where d represents the number of days since 10 students had the flu.  How many days 

will it take for the number of new flu patients to equal 50?  Round your answer to the nearest day. 

 

 

 

 

 

 

9. The savings in a bank account can be modeled using 
.0451250 tS e , where t is the number of years the 

money has been in the account.  Determine, to the nearest tenth of a year, how long it will take for the 

amount of savings to double from the initial amount deposited of $1250.   
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Just as we fit data with a linear model in Unit #2, we can also fit data with exponential and logarithmic 

equations.  Exponential regression is typically used on phenomena whose growth accelerates over time.  

Logarithmic regression is mostly used for phenomena that grow quickly at first and then slow down over time. 
 

Exercise #1:  The population of Jamestown has been recorded for selected years since 2000.  The table below 

gives these populations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise #2:  Which of the following scatter plots would be best fit with an exponential equation? 

 

(1)  (2) (3) (4) 

 

 

 

 

 

 

Year 2002 2004 2005 2007 2009 

Population 5564 6121 6300 6812 7422 

 

(a) Using your calculator, determine a best fit 

exponential equation, of the form xy a b  , 

where x represents the number of years since 

2000 and y represents the population.  Round a 

to the nearest integer and b to the nearest 

thousandth. 

(b) Sketch a graph of the exponential function for 

the years 2000 to 2050.  Label your window and 

your y-intercept. 

(c) By what percent does your exponential model 

predict the population is increasing per year?  

Explain. 

(d) Algebraically determine the number of years, to 

the nearest year, for the population to reach 20 

thousand. 

y 

x 

y 

x 

y 

x 

y 

x 
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Logarithmic regression models will be most applicable when a phenomenon grows very quickly at first, but 

then its growth rate slows down over time.  Depending on your graphing calculator, the regression might occur 

with different bases of logarithms.  We will assume a natural logarithm model. 

 

Exercise #3:  A corn plant will grow rapidly after it first emerges from the soil and then eventually slows its 

growth rate.  Agronomists record the average height for a particular varietal of corn as a function of the number 

of days since it was planted.  The data is given in the table below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Exercise #4:  Which of the following scatter plots would be best fit with an logarithmic equation? 

 

(1)  (2) (3) (4) 

 

 

 

 

 

 

Days 8 14 22 40 48 54 

Height (in) 4 18 48 60 71 73 

 

(a) Use your calculator to determine the best fit 

logarithmic equation for this data set.  Express 

your answer in the form lny a b x  , where x 

represents the days since planting and y 

represents the average height.  Round both a 

and b to the nearest integer. 

(b) Sketch a graph of your equation below for 

0 100x  .  Label your window. 

(d) According to your model, on what day did the 

corn germinate (emerge from the ground)?  

Round to the nearest day. 

(c) The corn will develop tassels when it reaches a 

height of four feet.  To the nearest day, use 

your model to predict when the corn will 

tassel. 

y 

x 

y 

x 

y 

x 

y 

x 
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1. Rabbits were accidently introduced to an island where their population is growing rapidly.  Biologists 

studying the rabbits have periodically recorded their population since they were introduced to the island.  

The data they took is shown below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2. The infiltration rate of a soil is the number of inches or water per hour it can absorb.  Hydrologists studied 

one particular soil and found its infiltration rate decreases exponentially as a rainfall continues. 
 

 

 

 

 

Create an exponential model that best fits this data set.  Round coefficients to the nearest hundredth.  Use 

your model to algebraically determine the time until the rate reaches 0.25 inches per hour.  Round your 

answer to the nearest tenth of an hour. 

 

 

 

 

 

 

 

Time, t 

(hours) 
0 1.5 3.0 4.5 6.0 

Infiltration Rate, I  

(inches per hour) 
5.3 3.1 2.4 1.6 0.7 

 

Years Since Introduction, x 2 5 7 11 15 

Population of Rabbits, y 75 100 112 205 290 

 

y 

x 

(b) Sketch a graph of the rabbit population below 

on the axes provided for 0 20x  .  Label 

your graphing window and your y-intercept. 

(d) Graphically determine, to the nearest tenth of a 

year, when the rabbit population will reach 

350. 

(a) Determine an exponential regression equation, 

in the form xy a b  , that models this data.  

Round a to the tenth and b to the hundredth. 

(c) Based on your model in part (a), by what 

percent is the rabbit population growing each 

year? 
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3. During prolonged cold in northern latitudes, thick ice will grow on lakes.  A particular lake in Ladysmith, 

Wisconsin, has its ice thickness measured every day after the temperature fell below zero.  The data is 

shown in the table below. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

4. In the table below, the year, y, in which a certain population, x, was reached by Charleston, Illinois is given. 

 

 

 

 

Find a logarithmic model, of the form lny a b x  , that best fits this data.  Round your coefficients to the 

nearest integer.  Using your model, algebraically determine the population, to the nearest whole number, of 

Charleston in the year 2010.   

 

 

 

 

 

Days Below Freezing, x 6 9 14 20 27 32 55 

Ice Thickness, y 

(inches) 
0.8 1.7 3.5 4.0 5.2 5.5 7.2 

 
(a) Find a logarithmic equation, of the form 

lny a b x  , that best fits this data set.  

Round both coefficients to the nearest tenth. 

(b) Create a sketch of this function over the 

interval for the first hundred days the 

temperature is below freezing.  Label your 

window. 

(c) Use a table on your calculator to determine, to 

the nearest day, the number of days below 

freezing necessary for the ice to reach a 

thickness of one foot.  Provide numerical 

evidence to the nearest tenth of a day. 

y 

x 

Population, x 5,000 6,000 7,000 8,000 9,000 

Year, y 1972 1980 1984 1987 1989 
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